
�\tnm�� 
CAqt�� �¶At� 4

º�r�� ¢`� �km§¤ �AO�¯� Yl� ^�A�§ ¢�� 
b�n� �\tnm�� 
CAqt�� ­d¶A�  µ� �ybnF
.d�� Á �d� ��Akt��¤ �RAft�� �Aylm�

x ry�tm�� ¨� �A§Ahn�A� �\tnm�� 
CAqt�� T�®� �Rw� T§r\n� �db�
.

(fn)n∈N ��¤d�� T`�Att� 
�A� �Ð� :(�A§Ahn�A� �\tnm�� 
CAqt�� T�®�) T§r\� - 1-4

,x0 ∈ A 
�A�¤ A Yl� f T��dl� Am\tn� A�CAq� Ty�CAq�
 �� ` ¨qyq���  d`�� ©¤As�¤ ­ w�w� limn→∞(limx→x0

fn(x)) 
�A� �Ð��
.limx→x0

f(x) = `
T`�Attml� �\tnm�� 
CAqt�� �� ,YW`� ε > 0 �ky�¤ `n = limx→x0

fn(x) �Sn� - A¡r�
d��

(1) ∃n1 ∈ N ∀n : n > n1 =⇒ sup
x∈A

| fn(x)− f(x) | < ε/4

d�� limn→∞ `n = ` ªrK�� ��¤
(2) ∃n2 ∈ N ∀n : n > n2 =⇒ | `n − ` | < ε/4

limx→x0
fm(x) = `m ªrK�� �d�ts�¤ m = n0 + 1 CAt�� �� n0 = max(n1, n2) @���

¨W`§ ©@��

(3) ∃δ > 0 ∀x ∈ A : | x− x0 | < δ =⇒ | fm(x)− `m | < ε/2.

 wk§ ∀x ∈ A : | x− x0 | < δ µ�

| f(x)− ` | = | f(x)− fm(x) + fm(x)− `m + `m − ` |
≤ | f(x)− fm(x) |+ | fm(x)− `m |+ | `m − ` |
< ε/4 + ε/2 + ε/4 	y�rt�� Yl� (2) ,(3) ,(1) �A�®`�� ��
= ε.

.
wlWm�� 
b�§A� w¡¤
�AtntF� �km§ T§r\n�� £@¡ ��

(fn)n∈N ��¤d�� T`�Att� 
�A� �Ð� :(�AO�¯A� �\tnm�� 
CAqt�� T�®�) T§r\� - 2-4

n ∈ N �k� A Yl� TlOt� fn 
�A�¤ A Yl� f T��dl� Am\tn� A�CAq� Ty�CAq�
.A Yl� TlOt�  wk� f  ��

.¹CAql� �¤rt� - A¡rb��
�� d�� Á�d� T`�Attm��  ¤d� Tl�Akm� T§Ahn�� T�� ��Ak�  A�§�� �ms� Ty�At�� T§r\n��

:T§r\n�� �b� ��Akt�� �whfm� T`§rF T`��r� ¨W`nF Annk� .�®�Akt�� T§Ah� @��
Yn�n� �y� ­CwO�m�� T�Asm�� TF�Cd� [a, b] ­rtf�� Yl� g ­ ¤d�� T�� An§d� �ky�
�r`�¤ ,­rtfl� P : a = x0 < x1 < · · · < xn = b T¶z�� @��� �Anys�� Cw��¤ g

�A�®`�A� Tylfs��¤ T§wl`�� w�C� �A`ym��

U(P , g) =
n∑

k=1

Mk(g)(xk − xk−1), L(P , g) =
n∑

k=1

mk(g)(xk − xk−1),
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mk(g) = inf
xk−1≤x≤xk

g(x), Mk(g) = sup
xk−1≤x≤xk

g(x) �y�

�q�� �Ð� [a, b] ­rtf�� Yl�  Am§C �whfm� ��Aktl� Tl�A� g  � �Aq§¤

∀η > 0∃δ > 0 : ∀P
(

max
1≤k≤n

|xk − xk−1 | < δ =⇒ U(P , g)− L(P , g) < η

)
.

.δ → 0 A�dn� ­Ðw��� T§Ahn�� �y�
∫ b

a g(x) dx = lim U(P , g) = lim L(P , g)  wk§¤
(fn)n∈N ��¤d�� T`�Att� 
�A� �Ð� :(��Akt�A� �\tnm�� 
CAqt�� T�®�) T§r\� - 3-4


�A�¤ ,a ≤ b, a, b ∈ R �y� [a, b] ­rtf�� Yl� f T��dl� Am\tn� A�CAq� 
CAqt�
AS§�  wk� f  �� ,n ∈ N �k� [a, b] Yl�  Am§C �whfm� ��Aktl� Tl�A� fn

�q��¤ [a, b] Yl� ��Aktl� Tl�A�
∫ b

a

f(x) dx = lim
n→∞

∫ b

a

fn(x) dx.

¯¤� 
b�nF ,­ ¤d�� fn ��  �� |rf�� �mSt�  Am§C �whfm� ��Aktl� fn ��¤d�� Tyl�A� - A¡r�
.­ ¤d�� f T��d��  �

�y�� M > 0 @��� Am� 1 T�®`�� �q�� n1 �y� n > n1 CAt��¤ ε > 0 @��� ��Ð �Ab�³
An§d�  wk§ supx∈[a,b] | fn(x) | ≤ M

sup
x∈[a,b]

| f(x) | ≤ sup
x∈[a,b]

| f(x)− fn(x) |+ sup
x∈[a,b]

| fn(x) | < ε/4 + M.

.f T��d�� T§ ¤d�� �@¡ 
b�§
�ky�¤ ,ε = η/(b − a) �S�¤ ­AW`� η > 0 �kt� . Am§C �whfm� ��Aktl� Tl�A� f  �  µ� 
b�nF
T¶z�� ©± �y�� δ > 0 d�w� [a, b] Yl� ��Aktl� fn T��d�� Tyl�A� �� ,(1) �q�§ n1 �y� n > n1

 wk§ max1≤k≤n |xk − xk−1 | < δ �q�� ­rtfl� P = {x0, · · · , xn}
U(P , fn)− L(P , fn) < η/2,

Mk(f) < Mk(fn)+ε/4 ¤ mk(f) > mk(fn)−ε/4  � �Ab�� T�whs� �yWts� (1) ��d�tFA�
¨�At�A�¤

U(P , f)− L(P , f) =
n∑

k=1

(Mk(f)−mk(f))(xk − xk−1)

< (ε/2)

(
n∑

k=1

(xk − xk−1)

)

+
n∑

k=1

(Mk(fn)−mk(fn))(xk − xk−1)

= (ε/2)(b− a) + U(P , fn)− L(P , fn)
< η/2 + η/2 = η.
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 � AS§� 
b�§ Am� ,[a, b] Yl� ��Aktl� Tl�A� f  � 
b�§ A� w¡¤
L(P , fn)− η/2 < L(P , f) < U(P , f) < U(P , fn) + η/2

¨W`§ A� w¡¤

lim
n→∞

∫ b

a

fn(x) dx =

∫ b

a

f(x) dx.


As�� T§Ahn�� T�� TqtK�  A�§� �kmm�� ��  � �yb� �Of�� �@¡ ¨� ­ry�±� T§r\n��
�AqtKm�� T`�Att� 
CAq� �zlts� T�®`�� £@¡ �k� ,T§Ahn�� @�� �� T`�Attm��  ¤d� �AqtK�

.Am\tn� A�CAq�
�� T`�Att� (fn)n∈N �kt� :(�AqtJ¯A� �\tnm�� 
CAqt�� T�®�) T§r\� - 4-4

�ky�¤ ,a < b, a, b ∈ R�y� ]a, b[ Yl� T�r`� ��¤d��

.Ty�CAq� (fn(x0))n∈N  wk§ �y�� x0 ∈]a, b[ TWq� d�w� (�)

,n ∈ N �k� ]a, b[ Yl� �AqtJ®� Tl�A� fn (
)

.]a, b[ Yl� g T�� Y�� Am\tn� A�CAq� 
CAqt�
(

d

dx
fn

)

n∈N
(�)

 wk§¤ ,]a, b[ Yl� �AqtJ®� Tl�A� f T�� Y�� �A\t�A� 
CAqt� (fn)n∈N  ��
.x ∈]a, b[ �k� f ′(x) = g(x)

.¨Jw� ªrJ ��d�tFA� ��Ð¤ ]a, b[ Yl� f T�� Y�� �A\t�A� 
CAqt� (fn)n∈N  � Á¯¤� 
b�nF - A¡r�
 � �l`� (f ′n)n∈N T`�Attml� �\tnm�� 
CAqtl� ¨Jw� ªrJ �� ,YW`� ε > 0 �ky�

∃n1 ∈ N : n,m > n1 =⇒ sup
x∈]a,b[

| f ′n(x)− f ′m(x) | < ε/2(b− a)

 � �l`� (fn(x0))n∈N  �d�±� T`�Att� 
CAqt� ¨Jw� ªrJ ��¤
∃n2 ∈ N : n,m > n2 =⇒ | fn(x0)− fm(x0) | < ε/2.

�R�w�� �� ,u(x) = fn(x)− fm(x) �S�¤ ,n,m > n0 @���¤ n0 = max(n1, n2) CAt��
¨W`� ¨t�� TWFwtm�� Tmyql� ���r�¯ T§r\� ��d�tF� Annkmy� ,]a, b[ Yl� �AqtJ®� Tl�A� u  �

∀x ∈]a, b[∃θ ∈]a, b[ : |u(x)− u(x0) | = |u′(θ) | | x− x0 | ≤ | u′(θ) | (b− a).

 � «r�  µ�
sup

x∈]a,b[
| fn(x)− fm(x) | = sup

x∈]a,b[
|u(x) |

≤ sup
x∈]a,b[

|u(x)− u(x0) |+ |u(x0) |

≤ sup
θ∈]a,b[

|u′(θ) | (b− a) + |u(x0) |

= (b− a) sup
θ∈]a,b[

| f ′n(θ)− f ′m(θ) |+ | fn(x0)− fm(x0) |

< (b− a)
ε

2(b− a)
+

ε

2
= ε.
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A� w¡¤ ,]a, b[ ­rtf�� Yl� �\tnm�� 
CAqtl� ¨Jw� ªrJ �q�� (fn)n∈N T`�Attm��  � 
b�§ A� w¡¤
.f �kt�¤ ,A� T��d� �A\t�A� Ah�CAq� ¸�Ak§

�S�¤ c ∈]a, b[ TWq� ©� @��n� ,]a, b[ Yl� �AqtJ®� Tl�A� f  �  µ� 
b�nF

hn(x) =

{
fn(x)−fn(c)

x−c x 6= c,
f ′n(c) x = c.

�q�� hn ��¤d��

v(x) =

{
f(x)−f(c)

x−c x 6= c,
g(c) x = c.

T��d�� Y�� ]a, b[ Yl� �A\t�A� 
CAqt� (hn)n∈N (1)

.c dn� TlOt� hn (2)
 � ©� c dn� TlOt� v  � �tnts� (4.2. 1) T§r\� ��

lim
x→c

f(x)− f(c)

x− c
= g(c).

.f ′(c) = g(c) �q�� AhtqtK�¤ c dn� �AqtJ®� Tl�A� f  � ¨n`§ A� w¡¤
�k� |ϕ′(x) | ≤ α < 1 �y�� �AqtJ®� Tl�A� T�� ϕ : [a, b] −→ [a, b] �kt� :�ybW� - 5-4

�S� ,x ∈]a, b[

fn(x) =

­rm-n︷ ︸︸ ︷
(ϕ ◦ ϕ · · · ◦ ϕ)(x)

.fn : [a, b] −→ [a, b] �q�� fn (�)

 � TWFwtm�� Tmyq�� T§r\� �� ^�®n� :(fn)n∈N T`�Attm�� 
CAq� xCd� (
)

| fn+1(x)− fn(x) | = |ϕ(fn(x))− ϕ(fn−1(x)) |
= |ϕ′(θ) | | fn(x)− fn−1(x) | , θ ∈]a, b[

�tny�
sup

x∈[a,b]
| fn+1(x)− fn(x) | ≤ α sup

x∈[a,b]
| fn(x)− fn−1(x) | .

Yl� �O�� ¨RA§r�� �AtntF¯� ��d�tFA�

sup
x∈[a,b]

| fn+1(x)− fn(x) | ≤ αn−1 sup
x∈[a,b]

| f2(x)− f1(x) |

d�� «r�� ­r� ¨RA§r�� �AtntF¯� ��d�tFA�¤

sup
x∈[a,b]

| fn+p(x)− fn(x) | ≤ αn−1

1− α
sup

x∈[a,b]
| f2(x)− f1(x) |

.�\tnm�� 
CAqtl� ¨Jw� ªrJ �q�� (fn)n∈N T`�Attm��  � 
b�§ Am�
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| f ′n+1(x) | = |ϕ′(fn(x)) | | f ′n(x) | ≤ α | f ′n(x) | Tlsls�� ­d�A� �� AS§� An§d� (�)
limn→∞ αn = 0  � �y�¤ ,| f ′n+1(x) | ≤ αn | f ′1(x) | d�� ¨RA§r�� �AtntF¯� ��d�tFA�¤

 ��
lim
n→∞

sup
x∈]a,b[

| f ′n+1(x) | = 0  ± sup
x∈]a,b[

| f ′1(x) | ≤ α.

 �� f ′n ⇒ 0 ,n �k� ]a, b[ Yl� �AqtJ®� Tl�A� fn  � �y�¤ ,fn ⇒ f ,T§Ahn�� T�� f �kt� ( )
.Tt�A� T�� f  � ©� f ′(x) ≡ 0 �q��¤ ]a, b[ Yl� �AqtJ®� Tl�A� f

T�y�O�� �A�A�³� rt�� .Tl·F� 6.4
 �� ,x0 ∈ A �kt�¤ ,A Yl� fn ⇒ f �y�� ��¤d�� �� T`�Att� (fn)n∈N �kt� (1)

.x0 dn� TlOfn� f =⇒ ∀n ∈ N x0 dn� TlOfn� fn ( )
.x0 dn� TlOt� f =⇒ ∀n ∈ N x0 dn� TlOt� fn ( )

.∀n ∈ N x0dn� TlOfn� fn =⇒ x0 dn� TlOfn� f ( )
.∀n ∈ N x0 dn� TlOt� fn =⇒ x0 dn� TlOt� f ( )

�A\t�A� 
CAqt� ¯¤ f T��d� AyWq� 
CAqt� ¨t�� TlOtm�� ��¤d�� �� T`�Att� (fn)n∈N �kt� (2)
 �� ,f Y��

TlOfn� T��  wk�  � d�¯ f ( )
TlOt� T��  wk�  � d�¯ f ( )
TlOfn� ¤� TlOt� T��  wk�  � �km§ f( )

gn(x) =
∫ x
a fn(x)dx, x ∈ [a, b]�kt�¤ [a, b] ­rt�Yl� fn ⇒ f �y����¤d�� �� T`�Att� (fn)n∈N �kt� (3)

 �� ,g(x) =
∫ x
a f(x)dx ¤

limn→∞ gn(x) =
∫ b
a f(x)dx( ) ∃x ∈ [a, b] : limn→∞ gn(x) 6= g(x) ( )

[a, b] Yl� gn ⇒ g ( ) .A Yl� �A\t�A� Hy�¤ AyWq� g Y�� 
CAqt� (gn)n∈N( )

[a, b] Yl� T�r`� T�� f ¤ ��¤d�� �� T`�Att� (fn)n∈N �kt� (4)
fm ⇒ f =⇒ ∫ b

a fn(x)dx → ∫ b
a f(x)dx ( )∫ b

a fn(x)dx → ∫ b
a f(x)dx  �� fm ⇒ f & [a, b] Yl� TlOt� f 
�A� �Ð� ( )∫ b

a fn(x)dx → ∫ b
a f(x)dx  �� [a, b] Yl� TlOt� fn : ∀n & fm ⇒ f 
�A� �Ð� ( )∫ b

a fn(x)dx → ∫ b
a f(x)dx  �� [a, b] Yl� ��Aktl� Tl�A� f & fm ⇒ f 
�A� �Ð�( )

[a, b] Yl� T�r`� T�� f �kt�¤ , ]a, b[ Yl� �AqtJ®� Tl�Aq�� ��¤d�� �� T`�Att� (fn)n∈N �kt� (5)
f ′n(x) → f ′(x)  �� fm ⇒ f 
�A� �Ð� ( )
f ′n ⇒ f ′  �� ]a, b[ Yl� �AqtJ®� Tl�A� f 
�A�¤ fm ⇒ f 
�A� �Ð�( )
fm ⇒ f  �� f ′m ⇒ f ′ 
�A� �Ð� ( )
]a, b[ Yl� �AqtJ®� Tl�A� f  �� fm ⇒ f 
�A�¤ f ′m ⇒ f ′ 
�A� �Ð�( )

.�§CAm� 7.4

 wk� Yt�¤ , TlOt� T�� (fn)n∈N T`�Attm�� T§Ah�  wk� Yt� xC � ¨l§ Am� T�A� �� ¨� (1)
.�AqtJ®� Tl�A�

, fn(x) =
1

nx
sinnx, x 6= 0 (�)

, fn(x) = xn +
1

2n xn
, x 6= 0 (
)

, fn(x) =

{
nx sin

(
1

nx

)
x 6= 0,

1 x = 0
(�)

, fn(x) = 2n sin( x
3n ), x ∈ R ( )
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, fn(x) = |x |1+1/n , x ∈ R (£)

, fn(x) =
x2n

1 + x2n
, x ∈ R (¤)

, fn(x) =
∑n

k=0

1
2k

cos(2k + 1)x, x ∈ R (E)

.limn→∞ xn = x ∈ A �y�� A r}An� �� T`�Att� (xn)n∈N �kt�¤ ,A Yl� fn ⇒ f �kt� (2)
 ¤ T�y�} T�ytn�� �¡ .limn→∞ fn(xn) = f(x)  �� x dn� TlOt� f 
�A� �Ð� ¢�� �¡r�

?�AO�¯� ªrJ

 A� �Ð� ¢�� �¡r� . a, b ∈ R, b > a �y� ]a, b] Yl� fn ⇒ f �kt� (3)

 �� lim
n→∞

∫ b

a+0
fn(x) dx A�¤ Ay�CAq�

∫ b

a+0
fn(x) dx ∀n ∈ N

.limn→∞
∫ b
a+0 fn(x) dx ©¤As§¤ ¨�CAq�

∫ b
a+0 f(x) dx

 � �¡r� , fn(x) = �kt� (4)

.n ∈ N �k� ¨�CAq�
∫ 1
0 fn(x)dx (�)

.(A¡d�¤�) f T�� Y�� ]0, 1] Yl� �A\t�A� 
CAqt� (fn)n∈N (
)
.©d�Ab�

∫ 1
0 f(x) dx (�)

��¤d�� �®slst� 5

�rW�� {`b� ��¤d�� �®slst� zymt�¤ ,��¤d�� �A`�Att� �� QA� �w� ��¤d�� �®slst�
T�y} ¨¡ ��¤d�� Tlslst� .Ah�AqybW� ­r�k� zymt� Am� Ah�CAq� TF�Cd�

∑

k

fk(x), fk : A −→ R∀k ∈ N.

Tlslstml� ¨¶z��� �wm�m�� �r`�¤ ,Tlslstm��  ¤d� Yms� (fk)k∈N ��¤d�� T`�Att�
.Sn(x) =

∑n
k=0 fk(x) T��d�� ¢�� Yl�

 � �wq� An��� ,(Am\tn� ¤� AWys� A�CAq�) A Yl� 
CAqt� (Sn)n∈N 
�A� �Ð�
T��d�� Yms� T�A��� £@¡ ¨�¤ ,(Am\tn� ¤� AWys� A�CAq�) A Yl� 
CAqt�

∑
k fk(x)

.ÅTlslstm�� �wm�m" f(x) = limn→∞ Sn(x)

Tlslst� ∑
k fk(x) �kt� :(�\tnm�� 
CAqtl� x�rtJr§A� CAbt��) T§r\� - 1-5

 �d�±� �� ∑
k Mk Ty�CAq� Tlslst� �d�¤ �Ð� .A Yl� T�r`m�� ��¤d�� ��

�y�� Tyqyq���
sup
x∈A

| fk(x) | ≤ Mk ∀k ∈ N,

.A Yl� �A\t�A� 
CAqt� ∑k fk(x)  ��
 A¡rb�� ¨� dmt`nF .T§r\n�� ª¤rJ �q�� Tyqyq���  �d�±� �� Tlslst�

∑
k Mk �kt� - A¡r�

.(??) �\tnm�� 
CAqtl� ¨Jw� ªrJ Yl�
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CAqt� ¨Jw� ªrJ �q�� Ah�� �l`�
∑

k Mk  �d�±� Tslst� 
CAq� �� ,YW`� ε > 0 �ky�
�y�� n0 ∈ N d�w§ ¢�� ��Ð ¨n`§¤ , �d�±� �®slst�

m > n > n0 =⇒
m∑

k=n+1

Mk < ε.

Y�� T§r\n�� |¤r� �� �@¡ © ¥§¤

m > n > n0 =⇒
m∑

k=n+1

sup
x∈A

| fk(x) | < ε,

¨�At�A�¤

sup
x∈A

|Sm(x)− Sn(x) | = sup
x∈A

∣∣∣∣∣
m∑

k=n+1

fk(x)

∣∣∣∣∣ ≤
m∑

k=n+1

sup
x∈A

| fk(x) | < ε.

.A Yl� Am\tn� A�CAq� Ty�CAq� ¨�At�A�  wk�¤ ,�\tnm�� 
CAqtl� ¨Jw� ªrJ �q�� (Sn)n∈N  � �@¡ ¨n`§
:Tl��� - 2-5

Am\tn� A�CAq� 
CAqt�
∑

k fk(x)  � «rnF ,x ∈ [0, 1] ,fk(x) = (−1)k xk(1− x) �kt� (1)
x�rtJr§A� CAbt�� ª¤rJ  � �yb§ A� w¡¤ ,x�rtJr§A� CAbt�� ª¤rJ �q�� ¯ Ahnk� [0, 1] Yl�

.T�E¯ ry� Ahnk� �\tnm�� 
CAqtl� Ty�A� ª¤rJ

�Ð�� , supx∈[0,1] | fk(x) | = 1

k + 1

(
k

k + 1

)k

 � d�� T��dl� Ym\`�� �yq�� TF�Cd� (�)

∑
k

1

k + 1

(
k

k + 1

)k

 ± ,d�Abt�
∑

k Mk  ��k �k�Mk ≥ supx∈[0,1] | fk(x) |
�A�

.T§d�Ab�
¨�Ab�� T�y}  wk� ¨�At�A�¤ −x AhFAF� TyFdn¡ Tlslst�

∑∞
k=0 fk(x) Tlslstm�� (
)

∣∣∣∣∣
n+p∑

k=n+1

fk(x)

∣∣∣∣∣ =

∣∣∣∣
(−1)n+1xn+1(1− x)− (−1)n+p+1xn+p+1(1− x)

1 + x

∣∣∣∣

=
xn+1

1 + x
| (1− x)(1− (−1)pxp |

≤ 2(1− x)xn+1

1 + x
.

 � �tn§¤

sup
x∈[0,1]

∣∣∣∣∣
n+p∑

k=n+1

fk(x)

∣∣∣∣∣ ≤ sup
x∈[0,1]

2(1− x)xn+1

1 + x
.
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©¤As� Ym\� Tmy� Ah�  � d�� ϕ(x) =
2(1− x)xn+1

1 + x
T��dl� Ym\`�� �yq�� TF�Cd�¤

 �¤ 1 dn� TlOt� ϕ  � �y�¤ ,xn =

√
1 +

1

(n + 1)2 −
1

n + 1
�y� ϕ(xn)


CAqtl� ¨Jw� ªrJ �q�� 
b�§ A� w¡¤ limn→∞ ϕ(xn) = ϕ(1) = 0  �� xn → 1
.�\tnm��

 � �Rw§ A� w¡¤ [0, 1] Yl� �A\t�A� 
CAqt� ¯
∑

k | fk(x) |  � �Ab�� �hs�� �� ��As�� �A�m�� ¨� (2)
.
∑

k | fk(x) | Tlslstml� �\tnm�� 
CAqt�� �zlts§ ¯
∑

k fk(x) Tlslstml� �\tnm�� 
CAqt��

,fk(x) =
sin(2k − 1)x

(2k − 1)2 �kt� :x�rtJr§A� CAbt�¯ rJAbm�� �ybWt�� Yl� ¯A�� ¨W`nF (3)
d�� rJAbmb�� 
As��A�

sup
x∈R

| fk(x) | = 1

(2k − 1)2 sup
x∈R

| sin(2k − 1)x | = 1

(2k − 1)2 = Mk.

.R Yl� �A\t�A� 
CAqt�
∑

k fk(x)  �� ,Ty�CAq�
∑

k Mk =
∑

k
1

(2k−1)2  � �y�¤

ak �y�� Tlslst�
∑

k akfk(x) 
�A� �Ð� ,x�rtJr§A� CAbt�¯ rJAbm�� �ybWt�� Yl� ��� �A�� (4)∑
k akfk(x)  �� ,Ty�CAq�

∑
k | ak | 
�A�¤ A Yl� �A\t�A� ­ ¤d�� (fk)k∈N 
�A�¤ ,
��w�

.A Yl� �A\t�A� 
CAqt� ¨�At�A�¤ x�rtJr§A� CAbt�� ª¤rJ �q��

��¤d�� �� Tlslst� An§d� �kt� :(�\tnm�� 
CAqtl� ¢ylk§r§ CAbt��) T§r\� - 3-5

ª¤rK�� 
qq�� �Ð� ,A Yl� T�r`� ∑
k fk(x) gk(x) ­CwO�� Yl�

x ∈ A �k� gk(x) ≥ gk+1(x)  � ©� ,TyO�An� T`�Att� (gk(x))k∈N (�)
,k ∈ N �k�¤

,A Yl� T§rfO�� T��d�� Y�� �A\t�A� 
CAqt� (gk)k∈N (
)

©� ,A Yl� �A\t�A� ­ ¤d�� ∑
k fk(x) Tlslstml� Ty¶z��� �y�A�m�� (�)

�y�� M > 0 d�wy��

sup
x∈A

∣∣∣∣∣
n∑

k=0

fk(x)

∣∣∣∣∣ ≤ M ∀n ∈ N.

.A Yl� �A\t�A� 
CAqt� ∑k fk(x) gk(x) Tlslstm��  ��
�S�¤ ,fk(x) = Fk(x) − Fk−1(x)  wky� Fn(x) =

∑n
k=0 fk(x) �S� - A¡r�
 � d�n� g−1 = 0, F−1 = 0

gkfk = gkFk − gkFk−1 = gkFk − gk−1Fk−1 + gk−1Fk−1 − gkFk−1

= gkFk − gk−1Fk−1 + Fk(gk − gk−1)
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An§d� ∀x ∈ A ¤ ∀n, m ∈ N ¨�At�A�¤∣∣∣∣∣
n+p∑

k=n+1

gk(x) fk(x)

∣∣∣∣∣ =

∣∣∣∣∣
n+p∑

k=n+1

gk(x)Fk(x)− gk−1(x)Fk−1(x)

∣∣∣∣∣

+

∣∣∣∣∣
n+p∑

k=n+1

Fk(x)(gk(x)− gk−1(x))

∣∣∣∣∣
≤ | gn+p(x)Fn+p(x)− gn(x)Fn(x) |

+

∣∣∣∣∣
n+p∑

k=n+1

Fk(x)(gk(x)− gk−1(x))

∣∣∣∣∣
≤ gn+p(x) |Fn+p(x) |+ gn(x) | gn(x)Fn(x) |

+

n+p∑

k=n+1

|Fk(x) | | gk(x)− gk−1(x) |

≤ M

(
gn+p(x) + gn(x) +

n+p∑

k=n+1

gk−1(x)− gk(x)

)

= 2Mgn(x).

d�w§ ¢��� ,A Yl� T§rfO�� T��d�� Y�� �A\t�A� 
CAqt� (gk)k∈N  � |rf�� �� ,ε > 0 ©� @���
�y�� n0 ∈ N

n > n0 =⇒ sup
x∈A

| gn(x) | < ε/2M =⇒
∣∣∣∣∣

n+p∑

k=n+1

gk(x) fk(x)

∣∣∣∣∣ < ε.

.(??) �\tnm�� 
CAqtl� ¨Jw� ªrJ �q��
∑

k gkfk Tlslstm��  � �@¡ 
b�§
:Tl��� - 4-5

(gk)k∈N �y��
∑

k(−1)kgk(x) Tlslst� An§d�  wk§ A�dn� w¡ ¢ylk§r§ CAbt�� �AqybW� Xs�� (1)
.A Yl� TyO�An�∑

k(−1)kgk(x) wk�¤ �q�t� ¢ylk§r§ CAbt�� ª¤rJ  �� ,­ ¤d��Bn =
∑n

k=0(−1)k  � Am�
.A Yl� Am\tn� A�CAq� Ty�CAq�

Tlslstm�� 
CAq� xCdn� (2)
∞∑

n=0

1

n + 1
sin(

x

2
) cos(nx)

 � ^�®�

Fn(x) =
n∑

k=0

sin(
x

2
) cos(kx) =

n∑

k=0

(
sin(

(2k + 1)x

2
)− sin(

(2k − 1)x

2
)

)

= sin(
x

2
) + sin(

(2n + 1)x

2
).
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Tlslstm��  � �tn§ ¢ylk§r§ CAbt�� ��¤ ,supx∈R |Fn(x) | ≤ 2  � d�� ��Ð ��¤

R Yl� �A\t�A� 
CAqt�
∞∑

n=0

1

n + 1
sin(

x

2
) cos(nx)

«wq�� �®slstm� ­ w�
­ry�� ©�� ,Ah�®�Ak�¤ Ah�AqtK�  A�§� �hs�� ��¤ TWys� ��¤  ¤d��� ��ry��
 � Am� , ¤d� ��ry�� Ah�AqtK�¤ ��rm�� ��  d� ©± �AqtJ®� Tl�A� T�� ¨¡  ¤d�

. ¤d� ­ry�� AS§� w¡  ¤d� ­ry�k�  d�m�� ry� ��Akt��
�¶At� ¨� A¡AnFC ¨t�� �A§r\n�� �� ?«w� Tlslst� ©� �� ¢sf� ¸yK�� �wq�  � �km§ �¡

�tnts� (4.4) , (4.3) , (4.2) �\tnm�� 
CAqt��
�ky�¤ ,«w� Tlslst� ∑∞

k=0 ak (x − c)k �kt� :T§r\� - 5-5

 �� , f(x) =
∑∞

k=0 ak (x− c)k ,r = lim supn→∞
n
√
| an | < +∞

.]c−R, c + R[ Yl� TlOt� T�� f (1)
 wk§¤ , [a, b] ⊂]c−R, c + R[ Tql�� ­rt� ©� Yl� ��Aktl� Tl�A� f (2)

∫ b

a

f(x) dx =
∞∑

k=0

ak

k + 1
(bk+1 − ak+1)

T�®`�� �� YW`� AhtqtK�¤ ]c−R, c + R[ ­rtf�� ¨� �AqtJ®� Tl�A� f (3)

f ′(x) =
∞∑

k=1

kakx
k−1

98



:(Identity theorem for power series «wq�� �®slst� ©¤As�) T§r\� - 6-5

 A�¤ r > 0 �y� ]− r, r[ ­rt� ¨� Ty�CAq� ∑ akx
k Tlslstm�� 
�A� �Ð� (1)

f T��dl� �§Cwl�A� Tlslst� ¨¡  wk� Ah��� f(x) T��d�� w¡ Ah�wm��
 � ©� ,­rtf�� £@¡ ¨�

N 3 k �k� ak =
f (k)(0)

k!


CAqtl� �rtK� �AW� Amh� «w� ¨tlslst� ∑
bkx

k ¤ ∑
akx

k 
�A� �Ð� (2)
.T§¤Ast� Amh�®�A`�  �� ]− r, r[ ¨� �y§¤Ast� Amh�wm��  A�¤ ,]− r, r[

 � ©�
∞∑

k=0

akx
k =

∞∑

k=0

bkx
k ∀x ∈]− r, r[=⇒ ak = bk∀k ∈ N.

.¾Ay��wt� ¾A�AqtJ� f(x) T��d�� �tK� (1) �Ab�³ .(1) �� �tn� (2)  � �R�w�� �� - A¡r�
.Tl·F� 7.5

 A� �Ð� A Yl� �A\t�A� 
CAqt� ∑
k fk(x) Tlslstm��  � ¨n`§ x�rtJr§A� CAbt�� (1)

limn→∞ supx∈A | fn(x) | = 0 ( ) lim supn→∞ | fn(x) | = 0( )
limn→∞

∑n+p
k=n+1 supx∈A | fk(x) | = 0( ) supn supx | fn(x) | = 0 ( )

A Yl� ∑
k fk(x) Tlslstml� �\tnm�� 
CAqt�� :x�rtJr§A� CAbt�� ¨� (2)∑

k supx∈A | fk(x) | Tlslstm�� 
CAq� ¸�Ak§ ( )∑
k supx∈A | fk(x) | Tlslstm�� 
CAq� �� �tn§ ( )∑
k supx∈A | fk(x) | Tlslstm�� 
CAq� �zlts§ ( )∑

k supx∈A | fk(x) | Tlslstm�� 
CAqt� ¢� T�®� ¯ ( )

��¤d�� �� �� 
�A�¤ , [a, b] ­rtf�� ¨� TWq� dn� Ty�CAq� ∑
k fk(x) Tlslstm�� 
�A� �Ð� (3)

Yl� �AqtJ®� Tl�A�¤ T�r`�  wk� f(x) =
∑

k fk(x) T��d��  �� ,]a, b[ Yl� �AqtJ®� Tl�A� fn

�q�� �Ð� ]a, b[

CAqt� ∑

k supx∈A | f ′k(x) | Tlslstm�� ( ) 
CAqt� ∑
k supx∈A | fk(x) | Tlslstm��( )

]a, b[ Yl� 
CAqt� ∑
k | f ′k(x) | Tlslstm��( ) 
CAqt� ∑

k

∫ b
a | fk(x) | dx ( )

�yVrK�� �� �tn§ ∑
k fk(x)gk(x) Tlslstml� �\tnm�� 
CAqt�� (4)

�A\t�A� ­ ¤d�� ∑n
k=0 fk(x) ¤ gk(x) ↘ 0 ( )

�A\t�A� ­ ¤d�� | gk(x) | ¤ TyO�An� (fk(x))k∈N ( )
�A\t�A� ­ ¤d�� ∑n

k=0 fk(x) ¤ TyO�An� (gk(x))k∈N ( )
�A\t�A� ­ ¤d�� | gk(x) | ¤ fk(x) ↘ 0 ( )

.�§CAm� 8.5

Ty�µ� ��¤d�� �®slstm� �\tnm�� 
CAqt�� xC � (1)
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∑
k

1
kx

(�)

∑
k(−1)k 1

kx
(
)

∑
k

1
kxk

(�)

∑
k(−1)k 1

kln x
( )

∑
k

cos kx

ekx
(£)

∑
k

tank x

xk
(¤)

.Ah�CAq� xC �¤ arctanx T��dl� �§Cwl�A� Tlslst� d�¤� (2)

.p > 1 ©± [p,+∞[ Yl� �A\t�A� 
CAqt� ζ(s) =
∑∞

n=1 n−s Tlslstm��  � �¡r� (3)
T�®`�A� YW`� AhtqtK�  �¤ ]1,∞[ Yl� �AqtJ®� Tl�A� ζ(s)  � AS§� �¡r�

ζ ′(s) = −
∞∑

n=1

lnn

ns
∀s > 1.

.ζ(k)(s) 
As�� Th�AK� T�®� �tntF�

.Ty�CAq� ∑
n | an | 
�A� �Ð� R Yl� �A\t�A� 
CAqt� ∑

n an sin(nx)  � �¡r� (4)

�kt� (5)

H(x) =

{
−1 x < 0,

1 x ≥ 0

�ry�� �kt�¤ ,a, b ∈ R, a < b �y� ]a, b[ T�wtfm�� ­rtf�� ªAq� �� T`�Att� (xn)n∈N �kt�¤
.Tyqyq���  �d�±� �� T`�Att� (cn)n∈N

 �¤ [a, b] Yl� �A\t�A� 
CAqt� ∑
n cnH(x − xn)  �� ,Ty�CAq� ∑

n | cn | 
�A� �Ð� ¢�� �¡r�
.x 6= x0 �� dn� TlOt� T��  wk§ f(x) =

∑∞
n=0 cnH(x− xn) �wm�m��

�ym� d�¤� �� .[0, 1] Yl� �A\t�A� 
CAqt� ∑
k fk(x)  � �¡r� ,fk(x) =

kx− [kx]
k2

�kt� (6)
��Aktl� Tl�A� T��d�� £@¡ �¡ .TlOfn� f(x) =

∑
k fk(x) T��d�� A¡dn�  wk� ¨t�� ªAqn��

? Am§C �whfm�

�q�� ��¤d�� �� Tlslst� ∑
k fk(x)gk(x) �kt� :�¡r� (7)

.TyO�An� (gk)k∈N (�)
A Yl� �A\t�A� ­ ¤d�� (gk)k∈N (
)

A Yl� �\tn� 
CAq� Ty�CAq� ∑
k fk(x) (�)

.A Yl� �A\t�A� 
CAqt� ∑
k fk(x)gk(x)  ��
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